We de ne a complex R=J of graded modules on a d-dimensional simplicial complex , so that the top homology module of this complex consists of piecewise polynomial functions splines of smoothness r on the cone of . In a series of papers 4 , 5 , 6 , Billera and Rose used a similar approach to study the dimension of the spaces of splines on , but with a complex substantially di erent from R=J . W e obtain bounds on the dimension of the homology modules H i R=J , for all i d , and nd a spectral sequence which relates these modules to the spline module. We use this to give simple conditions governing the projective dimension of the spline module. We also prove that if the spline module is free, then it is determined entirely by local data; that is, by the arrangements of hyperplanes incident to the various dimensional faces of .
Introduction
Let be a connected, nite d-dimensional simplicial complex, supported on jj R d , such that and all its links are pseudomanifolds. Let r 0 b e a n i n teger, and let R = R x 1 ; : : : ; x d +1 . De ne the spaces of splines C r k = fF : jj ! R : F j is a polynomial of degree k, for all 2 d , and F is continuously di erentiable of order rg, and C r = f F : ĵ j ! R : F ĵ 2 R , for all 2 d , and F is continuously di erentiable of order rg, where is the join of with the origin in R d+1 . C r is a nitely generated graded R-module.
The relationship between C r and C r k is that the elements of C r k are precisely the homogenizations of the elements of C r k , so to study the dimension of the space C r k a fundamental area of interest in spline theory, it su ces to study the Hilbert series of the module C r , which is a nitely generated graded module.
In 18 and 19 , we considered these problems in the case d = 2, and showed that the module C r w as free if and only if H 1 R=J v anished, in which case the Hilbert series for C r is determined entirely by the number of edges of distinct slope incident to each i n terior vertex; i.e. purely by local data. In the case d = 2 , C r can be free only if is a topological disk.
The use of homological algebra in spline theory was introduced by Billera in 4 . In 6 , Billera and Rose proved the following local criterion for the freeness of the spline module: C r is free if and only if C r star is free for all faces of . In the approach described above, this criterion is of limited use, since is the star of the origin, so we seek other conditions to characterize the freeness of C r .
One alternate approach appeared in 22 , where Yuzvinsky used Cech cohomology to study the projective dimension of the spline module. His approach w as to consider the poset de ned by the intersections of the a ne hulls of the faces of , ordered by reverse inclusion. He topologized this poset by using as a base the set of all faces contained in a given face, and then de ned a sheaf on this space and computed the cohomology. His approach handled the complications which arise when considering a polyhedral rather than simplicial complex quite nicely. The sheaf that he used for the computations was essentially the same as the complex R=I see x2 used by Billera and Rose; the criterion for the spline module to have a given projective dimension is that certain cohomology modules vanish, for all subcomplexes of the form star , 2 0 i . This is also a local criterion.
In practice, computing the Cech cohomology can be ine cient. For example, if is a planar simplicial complex which is the star of a vertex, then the Cech complex has length equal to the numb e r o f t w o-dimensional faces. In particular, there may b e arbitrarily many homology modules to compute, even for this relatively uncomplicated example. On the other hand, using the complex R=J, it is simple to prove that for this example, C r is always free.
The organization of the paper is as follows: in x2 w e review the approach of 4 , and introduce our notation. In x3, we de ne the chain complexes which depend on r J and R=J. W e show that H d R=J ' C r , prove that the homology module H i R=J has dimension i,1, for all i d , and relate this result to the Hilbert series of C r . In x4, we restrict to a topological d-ball, and show that there is a spectral sequence relating C r to the modules H i R=J , i d . I n x 5, we give examples in the trivariate case, and discuss further directions for research.
We will use 0 to denote the set of interior faces of all d dimensional faces are considered interior; i , 0 i , @ i denote respectively the sets of i-dimensional faces, i-dimensional interior faces, and i-dimensional boundary faces. f i , f 0 i , and f @ i denote the cardinality of the preceding sets. Finally, the complexes I and J de ned in the next two sections depend on an integer r 0, although this is not explicit in the notation.
Preliminaries
The de nitions in this section also appear in 18 ; we reproduce them for the sake o f completeness.
De nition 2.1 Let R be a ring. A complex F of R-modules on 0 consists of the following data: a For each 2 0 , a n R -module F , and This isomorphism suggests that there may be a spectral sequence 7 , 9 , 11 present; computing the hyperhomology of the complex J , w e nd that this is indeed the case. In order to keep the presentation as self-contained as possible, we will go through the steps in some detail. 
Examples and Computations
In dimension d 2 the homology modules can be quite complicated, in contrast to the planar case. For d = 2, the only module of interest is H 0 J , which has a simple presentation see 18 . In higher dimensions, we m ust also determine kernels of maps, and the presentations become correspondingly more complex. The following examples were computed using the Macaulay II package 13 .
We begin with an octahedron, triangulated by placing a single vertex in the interior.
For a central con guration such as this, it is easy to see that H 0 J v anishes, so we want to study the module H 1 J . For this example, there can be anywhere from three to twelve distinct hyperplanes incident to the central vertex. Computations show that we again have H 1 J = 0 for all r. Finally, i f w e drag the boundary vertex nearest the reader along the boundary edge connecting it to the bottom vertex, we obtain an example with six hyperplanes incident to the center vertex, but in which w e h a v e t w o sets of ve coplanar vertices. This example also has C r free for all r.
These cases are all non-generic, and they seem to be the exception. In particular, if we consider a generic case i.e. no set of four vertices of the octahedron is coplanar, then H 1 J d o e s v anish if r = 1, but is nonzero for all r 1.
Example 5.3 Let correspond to a tetrahedron, triangulated by placing a smaller, inverted tetrahedron totally inside it i.e. the interior tetrahedron does not meet the boundary of the larger tetrahedron, and then connecting vertices as in the diagram below. For this example, we h a v e fteen top dimensional simplices, twenty-eight i n terior two faces, eighteen interior edges, and four interior vertices.
We again begin with a highly non-generic con guration, the three-dimensional analog of the Morgan-Scott 15 example. Place the vertices so that if we connect each boundary vertex to the unique interior vertex with which it does not share a common edge, then the four lines obtained this way all meet in a point. For this case, H 0 J is zero for r = 1, but H 1 J has associated primes of codimension three and four. For a generic con guration of the same combinatorial type, we nd that in the r = 1 case, H 1 J has only a codimension four associated prime. F or example, this would imply that for generic simplicial complexes with d = 3 ; r = 1 , the number of splines in su ciently high degree is determined by local data. Alfeld, Schumaker, and Whiteley 3 recently proved that this is indeed the case.
